Carleton University Physics Department

PHYS 4708 (Winter 2015, H. Logan)
Midterm exam

This exam is closed-book and -notes. The three questions will be weighted equally.

1. Consider a system of two spin-1 particles with total angular momentum J=5+5. In
certain materials, various effects conspire to create an effective interaction V= —\S; - S,
between neighbouring spins, where A is a positive number.

(a) Compute the energy shifts caused by V. Use the appropriate basis in accordance with
degenerate perturbation theory.

(b) Consider the set of states with j = 2 and m; = —j,...,7. Which of these states are
eigenstates of S7,55,, and what are the corresponding eigenvalues? For the state(s) that
are not eigenstates of S1,55., compute the expectation value of S;,55,. (Use the table of
Clebsch-Gordan coefficients provided.)

(c) Use the results of parts (a) and (b) to determine the expectation value of (51, 52,451, 52y)
in each of the states with j = 2.

2. Consider a one-dimensional harmonic oscillator with unperturbed Hamiltonian

2
1
Hy = 2])—m + imw2x2, (1)
with eigenstates |n) whose energies are E®) = hw(n + 1/2). It is subject to a perturbing
Hamiltonian
H1 = )\1'2. (2)

(a) Compute the first-order energy shift £V of level n of this harmonic oscillator. You can
use the expression for x in terms of raising and lowering operators,

h

2mw
where a|n) = y/njn — 1) and af|n) = v/n + 1|n + 1).

(b) Compute the first-order correction to the energy eigenstates (i.e., find the new eigenstates
|t,) in terms of the original eigenstates |¢,) = |n)).

(a+a), (3)

Tr =

(c) Compute the second-order energy shift £ of level n.
(d) This problem can be solved exactly by writing

2
b 1 2,2

H=Hy+H = _—+ —-mw-x". 4

ot Hi=L 4 )

Find ' in terms of w and A and write down the exact perturbed energies E!. Do a series

expansion of w’ out to second order in A and check that these terms agree with your

results for £V and E?) found above.

continued....



3. Consider a system of two spin-1 particles. The total angular momentum is J= §1 + 5’2.

(a)
(b)

()

(d)

Make a table showing the combinations of mg and m, that can contribute to each m;
value. What are the allowed values of ;7

Write down the state |j = 2,m; = 2) in terms of the |mgs,ms) basis states. Show
that this state is an eigenstate of the exchange operator P, which swaps particle 1 for
particle 2, and find its eigenvalue. Then use the fact that [Ji, Pio] = 0 (first convince
yourself that this is true!) to write down the states |[j = 2,m; = 1) and |[j = 2,m; = —1)
in terms of the [mg, myo) basis states. What can you say about the state |j = 2,m; = 0)
using just the exchange operator?

Use orthogonality to write down the state [j = 1,m; = 1) in terms of the |mg 1, ms2) basis
states. What is its Py eigenvalue? Use this result to write down the state |7 = 1,m; = 0)
in terms of the |m,;, mg) basis states.

Based on your result for part (c), what can you say about the P, eigenvalue of the state
|7 =0,m; =0)7?



Formula sheet
Schrodinger equation:

z’hat\ll(ﬁ t) = HU(7 1)

0
Energy eigenstates: H =p?/2m + V(T
H(7) = B (7), (7, t) = () e PN
Differential operators corresponding to momentum and energy:
5 — —ihV E —ih 0
b ot
Harmonic oscillator in 1 dimension:
o1
H = 2—+§mw2x2, H|n) = E,|n), E, =hw(n+1/2)
m

Raising and lowering operators:

aln)y = +/njn—1), a'ln) = vn +1jn + 1),

h mwh
pu— T p— —. —_ T
’ Qmw(a+a)’ Pa "V 2 (a=adl)

Harmonic oscillator in 3 dimensions (isotropic), H = p*/2m + mw?*/*/2 = H, + H, + H.:

spatial wavefunctions are just the products of the solutions of the 1-dim harmonic oscillator.

H|ningng) = Ep nyns|ninans), Eryinons = hw(ng + ny + ng + 3/2);
the wavefunctions can also be written in terms of the spherical harmonics,
(FIntm) = Ry, o(r)Yem (0, ), En om = hw(2n, + €+ 3/2).

Particle in a box (infinite square well), 1 dimensional:

2 hQ 2
¢n(x):\/;Sinn;:xa OSZL'SL, EHZW;TF
Particle in a box, 3 dimensional, L X L x L, one corner at the origin:
N2 mimz | momy . mnamz hin?
Y(z,y,2) = <L> s lL sin 2Ly Sin 3L , = W(n% + n% + ng)

Angular momentum:
L6, m) = h2(L + 1)|¢,m), L.J6,;m) = hm|l,m),  Mpax =
Ly=L,+iL,, [L?, Li] =0, Lilt,;m) = CyL(l,m)|l,m £ 1)
Ci(lm) =TJ(t —m)(E+m+1),  C_(6,m) =h/({ +m)( —m+1)

—

L=7rxyp so, e.g., L, = xp, — yps.
Addition of angular momentum: when J=L+5,

j:€+8,...,|€—8‘, J,=L,+5,, Jr=Li+ 54



Spherical harmonics, up to ¢ = 2:

Yoo = —= Yfm(_f): (_1)ey€m(7§>

. [3 [3 .
Y = sin fe'® Yio =1/ — cosf Y, 1 =1/— sinfe "
s 47 ’ 8T
15 ., 15 i [5
Yo = Tor sin? fe%® Yo, = — & sin 6 cos He'® Yoo = Ton (3 cos? 6 — 1)
15 , 15 -
Ya_1 = /= sinf cosfe Yoo =1|5:— sin? fe 2% (20)
’ 8 ’ 327

Pauli principle: under the exchange of any two identical particles, multi-particle wavefunctions
are symmetric for bosons (integer spin), antisymmetric for fermions (half-odd-integer spin).
Time-independent perturbation theory:

w

H = Hy+ )\Hly H0|¢n> = E7(10)|¢n>a H|¢n> = En|¢n> (21)
E, = quo) + E(l) + E(Q) (22)
| AH 2
= (| AH|60) -yl ¢ ' 1'¢’;§' (23)
k#n Ek
A
) = o) + 3 1 ]*¢">\¢k>—%<o<x2> (24)
k#n TL

Degenerate perturbation theory: first find the combmatmns of states that diagonalize the
matrix (¢;|A\H;|¢;) made up of states degenerate at zeroth order. The eigenvalues of this matrix
are E(V).

Time-dependent perturbation theory:

Holdw) = E, ), ihilw(t» = (Hy + \V(1))[¥(t)) (25)

B) = 3 ea(t)e M g,) (26)

For ¢, (0) = 1 and all other ¢,(0) = 0, to first order in A the coefficients are

(1) = 5 [ a6V ()l (27)

where wyy, = (E© — E)/h. The transition probability is Ps_ym(t) = |em(t)[2.

m

Variational principle: for any wavefunction |¥), (U|H|¥) > Ey = ground state energy of H.
Some math:
Taylor series about x = 0:
> 1 d'f
foy=> L

—n! dx"

=0
Eigenvalues of a matrix M (I is the unit matrix; solve for \):

det(M —X-1) =0 (29)



40. Clebsch-Gordan coefficients 1

40. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS

J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —,/8/15. Notation: M
1/2x1/2| ! 3 my My
+1[ 10 Y2 =4/~ cost 5/2 '
[1725772] 1] o o 4m 2x1/2 +5/2| 5/2 3/2 My My | Coefficients
172 —1/2|1/2 172] 1 ) 3 [z )2+
-1/2 +1/2|1/2-1/2]-1 Yl = — § sm&e“ﬁ +2-1/2| 1/5 4/5| 5/2 3/2
[-172-172] 1 +1+1/2| 4/5-1/5|+1/2 +1/2
v |3 (3 e L +1-1/2| 2/5 3/5| 5/2 372
1x1/2 [372 2 =\ g7\ 0+1/2| 3/5-2/5|-1/2-1/2
+3/2 372 1/2 5 0-1/2| 3/5 2/5| 5/2 3/2
T2 11724122 V)= /8_ sin B cos § ¢i® . -1+1/2| 2/5-3/5|-3/2 -3/2
+1-1/2| 173 2/3| 372 172 4 2x1/2 -1-1/2\ 4/5 1/51 5/2
0+1/2| 2/3-1/3|-1/2-172 5 , 3/ /2 |, —2+1/2] 1/5 ~4/5)-5/2
v2 22 Gin2 g e2i¢ [+372 +172] 1] +1  +1 I_Z 12 1
0-1/2| 273 13| 3/2] *2 o
~1+1/2| 1/3-2/3|-3/2 +3/2 -1/2|1/4 3/4] 2 1
21 — o +1/2 +1/2[3/4-1/4] 0 0
X -1- 5/2
3 2 3/2x1 | 257 =5 +1/2-1721172 172 2
[z 1]+2 +2 [372+1  1|+3/2 +3/2 Z1/2 +1/2 [eadlg) 1
+2 0|1/3 2/3 3 2 1 +3/2 0| 2/5 3/5| 572 372 172 -1/2-1/2|3/4 1/4
+1 +112/3-1/73] +1 +1 +1 +1/2 +1| 3/5 =2/5|+1/2 +1/2 +1/2 -3/2+1/2| 1/4-3/4
+2-111/15 1/3  3/5 +3/2-1(1/10  2/5 1/2 |-3/2-172
1x1]2 +1 0/8/15 1/6-3/10[ 3 2 1 +172 0| 3/5 115 -1/3| 5/2  3/2 172
- 1+2 ?— 0+1| 2/5-1/2 1710 0 0 0 -1/2+1(3/10 -8/15  1/6|-1/2 -1/2 -1/2
frraaf ]+ +1-1|1/5 1/2 3/10 +1/2-1(3/10 8/15 1/6
+1 oz 12l 2 1 o 0035 o0-2/5 3 2 1 -1/2 0| 3/5 -1/15 -1/3| 5/2 3/2
0+11/2-1/2] 0 0 © -1+411/5-1/2 3/10) -1 -1 -1 -3/2+1[1/10 -2/5 1/2}-3/2 -3/2
+1-1]1/6 1/2 1/3 0-1 2/5 1/2 1/10 -1/2-1] 3/5 2/5
0 0l23 0-1/3 1 0/8/15-1/6-3/10| 3 2 -3/2 0| 2/5 -3/5
-1 +1|1/6-1/2 1/3 -1 —2+111/15-1/3 3/5| -2 -2 [F372—
o-1)172 172 2 —1-1(2/3 173 3
Y, = (-n)myr o [ of/z-1/2]-2 1 —2 0]1/3-2/3|-3 (J1j2mimalj1jeJ M)
—1 — 7 . 2 - . ;. .. ..
SN to= Y emime Lzl = (1) =02 (jyjimam | josh JM)
g 20+ 1
) L ) 3
d? =(-1m m’d] —d’ 3/2%x3/2 3 1 1/2 _ 1 1+ cosf
m/;m m,m’ —m,—m/ G770 "’1 +g +§ d070 = cosf 111/271/2 = oS = di,= —
2x3/2 [ TBmen AN I T SR Ty .
L2rse] 115724572 3/2-1/2 |1/5 1/2 3/10 v 2 7 V2
+2+1/2| 3/7 4/7| 7/2 5/2 3/2 11/2;1/2 3/? 0 -2/5 3 2 1 0 1 —cosf
_ dl _
+1+3/2| 4/7-3/7)+3/2 +3/2 +3/2 s licciz a0l o o o o =
+2-1/2| 1/7 16/35 2/5 —
+1+1/2| 4/7 1/35-2/5| 7/2  5/2 3/2 1/2 ﬁfg jg ;gg }jj,?jgg,}jj
2x2 +i 2 0+3/2] 2/7-18/35 1/5] +1/2 +1/2+1/2 +1/2 2172 +1/2 |9/20-1/4-1/20 1/4 > 7
[272] 1] +3 +3 +2-3/2| 1/35 6/35 2/5 2/5 _3/2 +3/2 [1/20-1/4 9/20-1/4] -1 -1 -1
+1-1/2|12/35 5/14 0 -3/10 T72-3/211/5 172 3/1
LI A 0172118735 373515 5[ 72 522 32 12| | VA 4R VR RS
+1+ ; 2 3+/14 14;2 2j7 —1+3/2| 4/35-27/70 2/5 <1/10| -1/2 -1/2-1/2 -172| | 2352175 | 1/2-1/2 3/10| =5 _5
+ 1 -3/2| 4/35 27/70 2/5 1/10
#4147 0-3/7 4 3 2 1 0 Z172 h8/35 “3/35-1/3 ~1/5 BTN R
0+2]3/14-1/2 2/7 +1  +1 41  +1 -1 +1/2[12/35-5/14 0 3/10[ 772 s5/2 3/9) 232 =1/ =1/2f-3
2 —111/14 3/10 _3/7 1/5 -2 +3/2| 1/35-6/35 2/5 —2/5|-3/2 -3/2-3/2 [F3/2-3/2] 1
+1 O 3/7 1/5-1/14-3/10 0 -3/2| 2/7 18/35 1/5
0 +1| 3/7 -1/5-1/14 3/10 4 3 2 1 0 -1 -1/2| 4/7 =1/35-2/5] 772 572
-1 +2[1/14-3/10 3/7 -1/5 0 0 O 0 © “2 s IR O
R
+ - - 2 — |
0 0183 0-2/7 0 1/5 21/ 2 2
-1 8/35 -2/5 1/14 1/10 -1/5] 4 3 2 1 -2-3/2| 1
3/ 14cosd 0 -2 1/70-1/10 2/7 -2/5 1/5| -1 -1 -1 -1
dyjpg/e =5 €085 1 -2|1/14 3/10 3/7 1/5
1 o2 0 -1| 3/7 1/5-1/14-3/10
3/2 \[1+cos9 .0 q2. — (Ltcos -1 0| 3/7 -1/5-1/14 3/10[ 4 3
dgp e =—V3—p —sing 2,2 2 -2 +1[1/14-3/10  3/7 -1/5] -2 -2
_ 1+cosf . 0 -2[3/14 1/2 2/7
dﬁ/g 12:\/§ﬂms€ d}, = -~ ——sinf 147 o0-37] 4 3
3/2.-1/ 2 2 Lt cost 2 0l314-1/2 2/7] -3 -3
82 L-cost 6 g2 V6 oy A2, = 5% (200 - 1) 1 172 1/2[ 4
3/2,-3/2 — 9 2 207 g4 ) -2 1/2-1/2|-4
3/2 3cosf —1 0 9 1—cosf . 9  _ |3 [2 -2
d1/2,1/2 = cos 5 d3 4= - sin 0 dig= 5 sinf cos @
3/2 _ 3cosf@+1 . 0 9 (1 —cosf\2 9 _1—cosf 2 (3 9
d1/2,—1/2_7f sin d2’72_(T) dlil—T(QCOSQJrl) d010—<§ cos 97§>

Figure 40.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).



